Selected Solutionsfor Chapter 3:
Growth of Functions

Solution to Exercise 3.1-2

To show thain + a)? = ©(n?), we want to find constants, c,, 7, > 0 such that
0<cin? < (n+a) <conbforalln > n,.

Note that
n+a =< n+la
< 2n whenla| <n,
and
n+a > n—|al
> ln whenla| < in.
2 2

Thus, whem > 2 |a|,
1
0§§n§n+a§2n.

Sinceb > 0, the inequality still holds when all parts are raised to the/grb:
1 ’ b b

0={3n =(n+a) =(2n)",
1 ’ b b b, b

0< 3 n° <(n+a)’° <2°n°.

Thus,c; = (1/2)%, ¢, = 2%, andn, = 2 |a| satisfy the definition.

Solution to Exercise 3.1-3

Let the running time b& (n). T'(n) > O(n?) means thaf (n) > f(n) for some
function f(n) in the setO(n?). This statement holds for any running tiriign),
since the functiorg(n) = 0 for all n is in O(n?), and running times are always
nonnegative. Thus, the statement tells us nothing aboutitireng time.
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Solution to Exercise 3.1-4

2ntl = O(27), but22" #£ 0(2").

To show thaR"*! = 0(2"), we must find constants n, > 0 such that
0<2"l <c.2"foralln > ny .

Since2"t! = 2.2" for all n, we can satisfy the definition with= 2 andn, = 1.
To show thaR?” # O(2"), assume there exist constants, > 0 such that
0<2?"<c¢-2"foralln > nyg.

Then2?" = 2".2" < ¢.2" = 2" < ¢. But no constant is greater than 2, and
so the assumption leads to a contradiction.

Solution to Exercise 3.2-4

[lgn]!is not polynomially bounded, butglgn]!is.
Proving that a functiory'(n) is polynomially bounded is equivalent to proving that
lg(f(n)) = O(Ign) for the following reasons.

* If f is polynomially bounded, then there exist constantk, n, such that for
alln > ngy, f(n) < cn*. Hence, Ig f(n)) < kcIgn, which, sincec andk are
constants, means that(l§(n)) = O(lgn).

* Similarly, if Ig( f(n)) = O(gn), then f is polynomially bounded.
In the following proofs, we will make use of the following twacts:

1. lg(n!) = ®(nlgn) (by equation (3.19)).

2. [lgn] = ©(Ilgn), because

* [lgn] >lgn
* [lgn] <lgn+1<2lgnforalln >2

lg(Tlgn]!) = ©([lgnTlg[lgnl)
O(gnliglgn)
= w(gn).
Therefore, Ig[lgn]!) # O(lgn), and so[lgn]! is not polynomially bounded.

lg([lglgn]) = ©([lglgnTlgflglgnl)
O(glgnrliglglgn)

= o((lglgn)®)
o(Ig*(lgn))

o(lgn) .
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The last step above follows from the property that any pggtdéhmic function
grows more slowly than any positive polynomial functiom, j.that for constants
a,b >0, we have I n = o(n?). Substitute Ig: for n, 2 for b, and1 for a, giving
lg*>(Ign) = o(lgn).

Therefore, Ig[lglgn]!) = O(lgn), and so[lg lg n]! is polynomially bounded.



